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ABSTRACT:

Unidominating function concept was introduced by V. Anantha Lakshmi and B.
Maheshwari in 2015. In this paper we present unidominating functions for root product of
path graphs P,, 0P, with pendant vertex as root and determine the unidomination number of
P, 0oP,.
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1.INTRODUCTION

Unidominating functions was introduced by V. Anantha Lakshmi and B. Maheshwari
[15]in 2015, where they presented unidominating function for path graph. In this paper we
studied unidominating function for rooted product of two path graph P,, and P, with
pendent vertex as root. We find the unidomination number of B, 0B, and then determine
the number of unidominating function of minimum weight for B,, 0P,

Definition 1.1: The rooted product of two graphs of G; and G, denoted by G; © G, , is the
graph obtained by choosing one vertex of G, as root and then attaching the root vertex of
copy of G, to each of the vertices of G;.

For the rooted product of two path graphsP,, with B,. Let V(B,,) ={

V1, V2, U3, cecen e o U F ANA V(B = {Uq, Uy, Uz, wov oo .. u, } be the vertex sets of B, and
P, respectively. Let the root vertex chosen from B, be the pendant vertex u;. So the root
vertex set of B,, o P, with m-copies of P, becomes

{ (U1, v1), (U1, V2), cen e e e e (U, V) }

Definition 1.2: Let G(V,E) be a graph. A function f:V — {0,1} is said to be a

unidominating function
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If Tuenp f(w) = Tand f(v) = 1
Yuenp f(w) =1and f(v) =0
f(V) =Y,e, f(u) is called the weight of the function f and is denoted by y, (G).
Definition 1.3 : The uni domination number of a graph G (V,E) is
Y. (@) =min{f(V)/f is a uni dominating function f on G}

1.UNIDOMINATING FUNCTION OF P, 0P,
In this section we find the unidominating function of minimum weight on B,,oP, and
hence find the unidomination number.

Theorem 2.1: The Unidomination number of rooted product of P, 0P, with pendant vertex

as root is
yu(PmOPn) =
X+2a+1+k form = 2 (mod3),n = 2 (mod3)
{ X+nrna+ [%1] +2 l%zJ k form = 0,1 (mod3),n = 0,1 (mod3)

Where m= 3k+r;, n=3a+r, , X = k(3a+1)

Proof: Consider the rooted product graph P, 0P, .Let the vertex set of B,, be V(B,,) =
{vi, V2, V3, e v,, } and vertex set of P, be V(B,) = {uy, uy, us, ... ..... u,, } in the rooted
product B, 0P,. Let the root vertex be the pendent vertex u, of B, identified with jth vertex
of v; of B, s0
V (B, 0P,) ={(ui,vj) : i=1ton, j=1 tom}
The unidomination number of P, is based on the following minimum weight function for a
path P, as

1 forn = 0(mod3)

[g] forn = 1 (mod3)

2 forn = 2 (mod3)
We use this result proved by V.Anantha Lakshmi and B.Maheshwari in [15] . We extend
the function definition for the root vertex in B,, 0P, as

f( ) _{ 1 forj = 2(mod3)
b =0 forj = 0,1(mod3)
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As there are m-copies of B, from [15] we get, y, (P,0PB,) = my, (B,) ------------- 1)
but as these m-paths have adjacency between root vertices we need to check for the
minimal function value.
Forany vertex f(u;,v) =1
Z(x,y)g,\,[ui_vj]f(x, y) = lisnatural as f(u;, v;) = 1
For f (u;, v;) = 0 then
fo,y) = f(ui—l'vj) +f(ui'vj) +f(ui+1»vj) =1
(y)eNTuyv;]
or f(us,vj_1) + f(wnv) + f(un 1) = 1
For unidominating condition to be satisfied it is essential that exactly one of
f(wi—1,v;), f (441, v )should be equal to one.
Therefore we need to check unidominating condition for only those for which f(ui, vj) =
0
Case(i): For m = 0(mod3)

For m=3k, the 2k vertices are (uq, v1), (ug, v3) (U, v4) (Uq, Vg) wov ver oov e @r€
assigned the function value zero, the remaining k- vertices (uq, v3), (uy, vs)(uq, vg)........
are assigned the function value one. For the copy of B, attached with these vertices, (n-1)
path vertices (uz, v ) (s, ) w.. oe. ... (U, 1) at the vertex (ug, v;) forj=1,2,3......mas
follows
We define the function value as follows.

Subcase (1A): For n= 0 (mod3) letn=3a
For the m-copies of B, we define the function value as,
For j= 0,1(mod3)

(1 fori=0(mod3)
Fwi, v)= {0 fori = 1,2(mod3)

For j=2(mod3)

f(u;, v;

1 fori = 1(mod3)
ir ]) =

0 fori=0,2(mod3)andi#n—1
(i)  Forj# 2(mod3) when f(u;,v;) =0
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_( 1 fori=0(mod3)
f(u;, )= {0 fori = 1,2(mod3)

(i)  Forj= 2(mod3), when f(u;,v;) = 1

f,v,) = { 1 fori= 1(mod3)
?97 710 fori=0,2(mod3)andi#n—1

and f(u,_1,v;) =1

forj = 0 or 1(mod3)and i = 1, or 2(mod3)
1 forj = 2(mod3)and i = 0 or 2(mod3)

To check the unidomination condition for function f at vertices when f(u;, v;) = 0

For f(u;, v;) = {O

Case (a): For j= 0(mod3), i= 1(mod3)
L fuy,v) = f(ung1) + F(u, ) + £ (g, v41) + f (U, 5) = 1+0+0+0=1

2. fQuy, vm) = f(ur, Vim—1) + f(u, ) + f(uz, vy) = 1+0+0=1
3. f(uy,v) = f(wi—g, v) + (g, ) + f(uigq, v)= 1+40+0=1
4. f(u;,v,,) =f(u;_1, vy) +(u;, v,) + (w44, v,,)= 140+0=1
Case (b): For j= 0(mod3), i= 2(mod3)
5. f(u;, v) = f(wi—1, ) + f(uy, 1) + f(ui4q, )= 0+0+1=1
Case (c): For j= 1(mod3), i = 1(mod3)
6. f(uq,vq) =f(uy, vq) +f(uy, v1) +f(uy, v) =0+0+1=1
7. f(u;,vy) =f(u;q, v1) +f(u;, v1) +f(u;, v,) =0+0+1=1
8. f(uy,vy) =f(uy, vj_1) +f(wq, vy) +f(uy, v 41) +f(uy, v;) =0+0+1+0=1
9.

f(u, 1) = f(wi—1, 1) + f(us, v) + f(uip1, 1) = 140+0=1

Case (d): For j= 1(mod3), i = 2(mod3)
10. f(u;, 1) = f(wi—1, vy) + f(u;, ;) + f(ui4q, v;) =0+0+1=1

Case (e): For j= 2(mod3), i = 0(mod3)
11. f(w;, vy) = f(ul-_l,vj) + f(ul-,vj) + f(uH_l,vj) =0+0+1=1
12. f(up, vy) = f(up—1, vy) +f(u,, v)= 1+0=1

Case (f): For j= 2(mod3), i= 2(mod3)
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13.8(u;, vy) = f(uimy, v) + f(wy, 1) + (g, v) =140+0=1
As at all 13 cases above when f(u;, ;) = 0, X,eny f = 1 we get that for m = 0(mod3)

and n = 0(mod?3) the function f satisfies unidomination condition with weight of the

function f(V) equal to
f(V)=2im Xja f(w )

= 2k(0+0+1+0+0+1+--------mnmmmemm- 0+0+1)
+k(1+0+0+1+0+0+---------------- +0+1+1+0)

- () +(3) 41

-] @+ [Flas

Subcase (IB): n= 1 (mod3) let n = 3a+1
For j# 2(mod3) when f(uy,v;) =0

(1 fori= 0(mod3)
f(ui' vj)_ {0 fori = 1,2(m0d3)

For j= 2(mod3) when f(uy,v;) =1

fu, v _{ 1 fori = 1(mod3)
P9 710 fori=0,2(mod3)andi#n—1

The function definition is identical to the definition given in subcase IA except at
values i= n-1, n-2 for j= 2(mod3). Therefore we check the unidomination condition only

for these two values of i

f(up—2, ) = f(un—3'vj) + f(un—z'vj) + f(up-1,v) = 1+0+0 =1

f(t1,) = f(Un-2,9) + (-1, 9;) + f iy, 17) = 04041 =1

Hence the uni domination condition satisfiedfor all (w;, v;) with weight of the function as,

f(V) =2 2 f(w, v)

= 2k(0+0+1+0+0+1+-------mmmmmmmme- 0+0+1+0)
+k(1+0+0+1+0+0+---------------- +1+0+0+1)
=265 4] +»
=22 @+ [ @+

Subcase (IC): n= 2 (mod3) let n=3a+2
For j# 2(mod3) when f(uq,v;) = 0
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(1 fori= 0(mod3)
fu;, vy) = {0 fori = 1,2(mod3)

For j= 2(mod3) when f(u,,v;) = 1

fu,v) = { 1 fori = 1(mod3)
©I7 70 fori=0,2(mod3)andi#n—1

As the function definition is identical to the definition given in subcase IB except at four
values i=n, n-1, n-2, n-3 for j = 2(mod3)Therefore we check the unidomination
condition for j# 2(mod3) and i = n, n-3 when the functional value is zero.
f(,9) = f(nr, )+, 17)= 140 =1
f (U3, 1) = f(Un-av) + F (U3, 1) + f (un—p, v)= 040+1 =1
Hence the uni domination condition is satisfied with weight of the function.
f(V) =2 275 f(w, )
= 2k(0+0+1+0+0+1+--------=-=-=---- 0+1+1+0)
+K(1+0+0+1+0+0+---------------- +1+0+0+1)
=2k (] + D +k(3]+D
=2k (a+l) +k (a+1)
Case (II): For m=1 (mod3) let m=3k +1
Subcase (I1A): n= 0 (mod3) letn=3a
For j# 2(mod3) and j# n-1 when f(u;,v;) = 0

_ (1 fori= 0(mod3)
f(u;, ) = {0 fori = 1,2(mod3)

For j= 2(mod3) and j=n-1 when f(uy,v;) = 1

fu,v) = { 1 fori = 1(mod3)
©57 7|0 fori=02(mod3)andi#n—1

The function definition is identical to the definition given in subcase (1A) except at values
j =m, m-1,m-2, m-3 for i=1. Therefore we check only the unidomination condition for
these values

i =1, j=m, m-3 only when the function value is zero.
f(un, vn3) = f(U1, Vim_a) + f(uy, v —3) + f(uy, v ) + f(ug, vy 3) = 0+0+140 =1
f(u,vy,) =fu,vp_) + flug,vp) + fug,v,) =1404+0=1
Hence the unidomination condition is satisfied with weight of the function.
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f(V) =2 275 f(w, )
=2k (0+0+1+0+0+1+.......oeeninne. +0+0+1)
+ (k+1)(140+0+1+0+0+................. +0+1+1+0)

= 2k[2] +(k+1) ([5] + 1)

= 2k(a) +(k+1)(a+1)
Subcase (11 B): n=1 (mod3) letn=3a+l
For j# 2(mod3) when f(u;,v;) =0

(1 fori= 0(mod3)
fu, vy) = {0 fori = 1,2(mod3)

For j= 2(mod3) and j=n-1, when f(uy,v;) = 1

fu,v) = { 1 fori = 1(mod3)
©97 70 fori=0,2(mod3)andi#n—1

The function definition is identical to the definition given in subcase 1A except at values
n-1, n-2 for i=1. Therefore we check the unidomination condition for these four values i for
all j= 2(mod3) when the function value is zero.
f(up—2, ) = f(tn-3, Vj) + f (Un—2, Vj) + f (un-1, Vj): 0+0+1 =1
f (U1, %) = (U2 v) + f(Un—1,9) + £ (un, v)= 0+1+0 =1
Hence the unidomination condition is satisfied with weight of the function.

f(V) =2 2 f (u vy)
= 2K (0+0+1+0+0+1+. o oeeeeeereiiiinnn, +0+0+1+0)
+ (K+1)(1+0+H0+1+0+0+. ..., +1+0+0+1)

= 2k[g] +k+1) ([3] + 1)

= 2k(a) +(k+1)(a+1)
Subcase( Il C): n= 2 (mod3) let n=3a+2
For j# 2(mod3) when f(uy,v;) = 0

) = { 1 fori= 0(mod3)
~ 10 fori=1,2(mod3)

For j= 2(mod3) and j=n-1,when f(uy,v;) = 1

fu, v) = { 1 fori = 1(mod3)
?77 7 10 fori=0,2(mod3)andi#n—1

f(ui ’ U]
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The function definition is identical to the definition given in the subcase 11 B except at
valuesi =n, n-1, n-2, n-3 for j# 2(mod3) . Therefore we check the unidomination
condition for j# 2(mod3) and i = n, n-3 when the function value is zero.
f(un, %)) = f(un-1,7) + f(un, )= 140 =1
f(uno3, ) = f(Un-a,v) + f(Un=3,9) + f (U2, v;)= 0+0+1 =1
Hence the unidomination condition is satisfied with weight of the function.

f(V) =2 Z}n=1 f(ui,v)
= 2K (0+HO+1+H0+0+1+. oo, +0+1+1+0)
+ (k+1)(1H0+0+1+0+0+ ... +1+0+0+1+0)

= 2k (] + 1) +(k+1) (3] + D

=2k (a+1) +(k+1)(a+1)
Case (I11): For m=2 (mod3) let m=3k +2
Subcase (I11A): n= 0 (mod3) letn =3a
For j# 2(mod3) ,when f(u;, ;) = 0

(1 fori= 0(mod3)
fu;, vy) = {0 fori = 1,2(mod3)

For j= 2(mod3) and j= n-1,when f(u;,v;) = 1

fu,v,) = { 1 fori = 1(mod3)
P77 0 fori=0,2(mod3)andi#n—1

The function definition is identical to the definition given in subcase (IA) except at values
j=m, m-1, m-2, m-3 for i=1. Therefore we check the unidomination condition for these
four values i=1, j=m, m-2 only when the function value is zero.

f(up,vim—3) = f(U, Vm-s) + (U, V_3) + f (g, V) + f(Up, v 3)= 0+140+0 =1
f(u,vy,) =fu,vp—) + flug, ) + fug,v,) =14+0+0=1
Hence the uni domination condition is satisfied with weight of the function.

f(V) =2 2% f(w, v)

= (2k+1) (0+O0+1+0+0+1+. ..o, +0+0+1)
+ (k+1)(1+0+0+1+0+0+................. +0+1+1+0)
=(@k+1)([ED+ (k+1) (G1+1)
=(2k+1)(a)+(k+1)(a+1)
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Subcase (111B): n= 1 (mod3)
For j# 2(mod3) , when f(u;,v;) = 0

(1 fori= 0(mod3)
f(u;, v) = {0 fori = 1,2(mod3)

For j= 2(mod3) and j=n-1, when f(uy,v;) = 1

fu,v) = { 1 fori = 1(mod3)
P77 0 fori=0,2(mod3)andi#n—1

The function definition is identical to the definition given in subcase 1A except at values
j=m, m-1, m-2, m-3 for i=1. Therefore we check the unidomination condition for these
values i=1, j=m,m-2 only when the function value is zero.
f(ug, vm—3) = f(ur, Vp—s) + f(Ug, Vip—3) + Uy, Vi —2) + f(Uz, vy —3) = 0+1+0+0 = 1
f(u,vy,) =fu, o) + flug, ) + fug,v,) =1404+0=1
Hence the uni domination condition is satisfied with weight of the function.

f(V) =2 275 f(w, v)

= (2k+1) (0+0+1+0+0+1+...ceeiiininnene.. +0+0+1+0)
+ (k+1)(14+0+0+1+0+0+.......ceeeene. +1+0+0+1)
=(k+1)([ED+ (k+1) (G1+1)
=(2k+1)(a)+(k+1)(a+1)

From all the above cases we can combine the equation into one common expression for

function value as,
T T
fFO)=X+ra+ [?] +z[7]k
Where m= 3k+r;, n=3atr,, X=k(3a+l)
Subcase (111C): n= 2 (mod3)
For j# 2(mod3) , when f(u;,v;) = 0

) = { 1 fori= 0(mod3)
~ 10 fori=1,2(mod3)

For j= 2(mod3) and j=n-1,when f(uy,v;) = 1

fu,v) = { 1 fori = 1(mod3)
?97 710 fori=0,2(mod3)andi#n—1

Hence the unidomination condition is satisfied with weight of the function.

f(u;, vy
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f(V) =2 2% f(w, v)

= (2k+1) (0+0+1+0+0+1+.. ..o, +0+1+1+0)
+ (k+1)(1+0+0+1+0+0+................. +0+0+1+0)
=(2k+1) (5]+1) +(k+1) [5]
=(2k+1)(a+1)+(k+1)(a)

For last case we can write
f(V) = X+2a+1+k
Where m= 3k+r;, n=3a+r,, X=k(3a+1)

m=3k m=3k+1 m=3k+2
n=3a 2k(a)+k(a+1) 2k(a)+(k+1)(a+1) (2k+1)(a)+(k+1)(a+1)
n=3a+1 2k(a)+k(a+1) 2k(@)+(k+1)(a+1) (2k+1)(@)+(k+1)(a+1)
n=3a+2 2k(a+1)+k(a+1) 2k(a+1)+(k+1)(a+1) (2k+1)(a+1)+(k+1)(a)

Using the minimality of the function definition on path graph [ 15] and equation (1) state
the function has minimal weight f(V)
Hence combining all the three cases we get unidomination number of rooted product of

P,oPB, is

Vu(PmOPn) =
X+2a+1+k form = 2 (mod3),n = 2 (mod3)
{ X+nrna+ [%1] +2 l%zJ k form = 0,1 (mod3),n = 0,1 (mod3)

Where m=3k+r;,n=3at+r,, X = k(3a +1),,
3. ILLUSTRATIONS :

Example 3.1: Let m=6,n=6

Clearly 6 = 0(mod3).

The functional values of a unidominating function f defined in case | and subcase IA of

theorem D 1 Aara Aanvinn At tha AaarracenAandina vinvrtiane Anf D A D

o

1 ﬁ 1 1 - 1 & o - 1 -
o - - | | | |
| D S S BT
o .| 1 .I o .I o .l 1 .| o .I
* Y ° 9 t g 1 ° % -
D S SR SR SRS, SR
L L L _J - L ] -
o 1 o ] 1 o
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Unidomination number of PgoPgis  y, (PsoPg) = 14

Example3.2: Letm=7,n=6

Clearly 7= 1(mod3)

The functional values of a unidominating function f defined in case 11 and subcase 11A of

theorem 2.1 are given at the corresponding vertices of P,0P,

1 - o = 1
o d J I A LR SR
1 -
.l | 9 °© 9 9 1 - 0 -
U'l l.l D.I ool 1.| - .l
- -
v > 9 9 v o ® 0 :
° 7 °f o+ o= o < ° .
1
L L J - - L L J -
o 1 o o 1 1 o

Unidomination number of P;0Pg is y, (P;0Pg) = 17

Example 3.3: Letm=8,n=6

Clearly 8= 2(mod3)

The functional values of a unidominating function f defined in case 111 and subcase I11A of

theorem 2.1 are given at the corresponding vertices of PgoPg

. L) - .
| | | o e 1 o o e 1 @
DR R ¢ i | | |
0 4 | 0 oo L0y
| 10| ool D.I 1o| 00| 1 e D.|
[ ]
T o9 e L. o e ) 0 e 1 e
U SRR NEE SR SR SRS NEE
L] L L ] - L] L Ie L ]
o
( 1 0 0 1 0 N o
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